ABSTRACT. By considering the intersections of Shimura curves and Humbert surfaces on the Siegel modular threefold, we obtain new class number relations. The result is a higher-dimensional analogue of the classical Hurwitz-Kronecker class number relation.
INTRODUCTION
As arithmetic and algebraic objects, modular forms and their generalizations, such as harmonic Maass forms, weakly holomorphic modular forms, etc., play a significant role in number theory. In many instances, class numbers emerge naturally as Fourier coefficients of modular forms. For example, suppose that θ(z) = n∈Z e 2πinz is the classical Jacobi theta function. Then the coefficients of the weight 3/2 modular form θ(z) 3 = n r 3 (n)e 2πinz can be represented by certain sums of Hurwitz class numbers H(m), the counting function of SL(2, Z)-equivalence class of positive definite binary quadratic forms of discriminant −m, weighted by the sizes of automorphism groups of quadratic forms. Moreover, Zagier [17] showed that with H(0) defined to be −1/12, the function n∈Z H(n)e 2πinz is the holomorphic part of a harmonic Maass form of weight 3/2. Around the same time, motivated by Dirichlet's class number formula, Cohen [1] generalized the definition of the Hurwitz class numbers and define H(r, n) via values of Dirichlet L-function for quadratic character n · . He showed that each power series of the form ∞ n=0 H(r, n)e 2πinz is a modular form of weight r +1/2 on Γ 0 (4), which is referred to as Cohen's Eisenstein series of weight r + 1/2.
On the other hand, because CM-points on a modular curve or a Shimura curve X correspond to abelian varieties with extra endomorphisms, when we embed X into a modular variety of higher dimension, CM-points often lie on intersections of X with other special cycles of the modular variety. By analyzing what CM-point lie on the intersection and comparing with the intersection number, one obtain relations among class numbers. For example, the classical Hurwitz-Kronecker class number relation
can be interpreted as a relation arising from the intersection of two certain curves on X 0 (1) × X 0 (1) defined by modular correspondence (see [3] ). Note that the generating function for the right-hand side of (1) is the Eisenstein series −E 2 (z)/12 of weight 2, which is the holomorphic part of a harmonic Maass form. As another important example, Hirzebruch and Zagier [7] considered a certain series of curves T 1 , T 2 , . . . that are images of modular curves or Shimura curves on the Hilbert modular surface SL(2, o)\H 2 , where o is the ring of integers in Q( √ p), p ≡ 1 mod 4, and obtained formulas involving Hurwitz class numbers for the intersection numbers of T m and T n . They also showed that if we fix m, then the generating series for the intersection numbers is a modular form of weight 2 and Nebentype on Γ 0 (p). This results in identities relating sums of class numbers to Fourier coefficients of a modular form of weight 2 and Nebentype.
Note that in the two aforementioned examples, the generating series for intersection numbers are a modular form and the holomorphic part of a harmonic Maass form, respectively. These arithmetic and geometric phenomenon of modular forms has been further explored and generalized by Kudla and Milson, from the aspect of automorphic representations, as correspondence between spaces of higher genus modular forms and intersections of special cycles on the quotients of symmetric spaces for orthogonal groups and the unitary groups [9, 11] .
In this paper, we shall consider the case of Shimura curves on the Siegel modular threefold A 2 := Sp(4, Z)\H 2 . By considering the intersections of a Shimura curve with Humbert surfaces on A 2 , we will obtain identities relating sums of Hurwitz numbers to the Fourier coefficients of Cohen's Eisenstein series of weight 5/2. To state our theorem, let us first recall some definitions about quadratic forms. Let D 0 be a squarefree integer, and D 0 = p 1 . . . p k be its prime factorization. Here we are concerned with positive definite binary quadratic forms Q of discriminants −16D 0 such that all integers represented by Q are congruent to 0 or 1 modulo 4. Such a quadratic form is either primitive or of the form 4Q ′ for some quadratic form Q ′ of discriminant −D 0 , and the latter case occurs only when D 0 ≡ 3 mod 4. Let C −16D0 and C −D0 (in the case D 0 ≡ 3 mod 4) be the class group of primitive binary quadratic forms of discriminant −16D 0 and −D 0 , respectively. Define characters χ −4 and χ pj , j = 1, . . . , k, of C −16D0 by
where a is any positive integer represented by Q satisfying (a, 2D 0 ) = 1. These characters generate the group of genus characters of C −16D0 with a single relation that either χ −4 χ p1 . . . χ p k or χ p1 . . . χ p k is the trivial character depending on whether the odd part of D 0 is congruent to 1 or 3 modulo 4 (see [2, Theorem 3.15.] ). The condition that all integers represented by Q are congruent to 0 or 1 modulo 4 means that χ −4 (Q) = 1 so that the number of p j such that χ pj (Q) = −1 is even. Thus, we may associate to Q an indefinite quaternion algebra over Q of discriminant
Let O be an Eichler order of level N in the quaternion algebra of discriminant D over Q, and let X D 0 (N ) be the Shimura curve associated to O. Similarly, we may define χ pj on C −D0 and the product χ p1 . . . χ p k is the trivial character. Thus, for a quadratic form Q of discriminant −16D 0 of the form 4Q ′ , we may also associate to Q a Shimura curve X D 0 (N ) with D and N given by (3) and (4), respectively.
, and H D,N (x) = 0 if −x is not 0 or a negative discriminant. With notations given as above, our main result can now be stated as follows.
Theorem 1.
Assume that D 0 is a positive squarefree integer. Let Q(x, y) = ax 2 + 2bxy + cy 2 be a positive definite quadratic form of discriminant −16D 0 such that every integer represented by Q is congruent to 0 or 1 modulo 4. Let D and N be defined by (3) and (4), respectively. Assume that D > 1. Then for all positive integers n congruent to 0 or 1 modulo 4, we have the class number relations
where a n are the coefficients in
and H D,N (m) and H D,N (0) are defined by (5) and (6), respectively. Remark 1. We remark that H(z)/120 is Cohen's Eisenstein series of weight 5/2 defined in [1] .
Note that when D 0 is congruent to 3 modulo 4 and Q is of the form 4Q ′ , the conditions u ≡ an, v ≡ cn mod 2 imply that u and v are both even. Thus, we may write the identity as
We now explain the geometric meaning of these identities in more details. Let O be an Eichler order of level N in the indefinite quaternion algebra B of discriminant D over Q. Let Q D,N be the set of all points in A 2 whose corresponding principally polarized abelian surfaces have quaternionic multiplication by O such that the Rosati involutions coincides with a positive involution of the form α → µ −1 αµ on O for some µ ∈ O with µ 2 + DN = 0, where α denotes the conjugate of α in O. It can be shown that Q D,N consists of a finite number r D,N of irreducible components, each of which is the image of the Shimura curve X D 0 (N ) under some natural map (see [14] for the case N = 1). In [12, 13] , Rotger gave upper and lower bounds for the number r D,1 and in some cases an exact formula for r D,1 . To give an exact formula for r D,1 , Lin and Yang [10] showed that each irreducible component in Q D,1 can be associated with a positive definite quadratic form Q of discriminant −16D such that every positive integer a represented by Q satisfies (1) a ≡ 0, 1 mod 4, and (2)
Furthermore, they showed that the irreducible components in Q D,1 are in one-to-one correspondence with GL(2, Z)-equivalence classes of such quadratic forms. Hence the problem of determining r D,1 reduces to that of counting certain GL(2, Z)-equivalence classes of quadratic forms. Note that the work of Rotger [12, 13, 14] and Lin and Yang [10] can be easily extended to the case N > 1. Moreover, the condition
to that χ pj (Q) = −1 for p j |D and χ pj (Q) = 1 for p j |N . Thus, each quadratic form in Theorem 1 corresponds to a unique Shimura curve X in Q D,N . Now recall that the Humbert surface H n of discriminant n is defined to be the locus in A 2 of principally polarized abelian surfaces having a symmetric (Rosati invariant) endomorphism of discriminant n. The Humbert surfaces are hypersurfaces in Siegel's modular threefold. For each positive integer n congruent to 0 or 1 modulo 4, we defined the Humbert divisor by (8) G n :=
where the sum runs over any positive integer k such that n/k 2 is an integer congruent to 0 or 1 modulo 4, ν 1 = ν 4 = 1/2, and ν n/k 2 = 1 for other cases. Denote byĀ 2 the Satake compatification of A 2 . A fundamental result of van der Geer [16, Theorem 8.1 and Corollary 8.2] showed that the classes G n span a 1-dimensional subspace of the 4-th homology group ofĀ 2 with coefficients in Q, and G n is the divisor of some Siegel modular form of weight −a n /2, where a n are the integers given in Theorem 1. Thus, if we let I(X, G n ) denote the intersection number of a Shimura curve X in Q D,N with G n , then there exists a constant c such that I(X, G n ) = ca n for all n. In other words, the generating series
is a modular form of weight 5/2 on Γ 0 (4), agreeing with the general results of Kudla and Millson [9] . (Here the constant I(X, G 0 ) of the generating series should be interpreted as the volume of X.) Using the fact that the restriction of a Siegel modular form of weight k to X is a modular form of weight 2k on X On the other hand, the 0-dimensional components of the intersection of X and G n , being moduli points corresponding to abelian surfaces with endomorphism algebras strictly larger than the quaternion algebra of discriminant D over Q, must be CM-points on X. By carefully analyzing which CM-points lie on the intersections and determining their multiplicities, we obtain the class number relations in our main theorem.
Remark 2. Note that the relations (7) hold only for the case D > 1. When D = 1, the Shimura curve X 1 0 (N ) is the usual modular curve and we also need to take the contribution from the cusps into account. In [6, Satz 4], Hermann obtained a formula for the contribution from the cusps in the case the Humbert surface is H 1 and the quadratic form is of the form 4Q
′ for some quadratic form Q ′ of discriminant −p, where p is a prime congruent to 3 modulo 4. His proof used the fact that the Siegel modular form with divisor H 1 is the product of the ten theta functions of even characteristics. However, because we do not have such knowledge about Siegel modular forms with divisor H n for general n (except for some small n, see [4] ), it is not easy to extend Hermann's formula to the case of general n and D 0 . As a complex torus, an abelian surface with quaternionic multiplication by O is necessarily isomorphic to
. Such a complex torus A z can always be principally polarized. Namely, choose a pure quaternion µ in O such that µ 2 + DN = 0 and the (2, 1)-entry of φ(µ) is positive. We define
and extend the definition of E µ R-bilinearly to C 2 . It can be shown that E µ is a Riemann form on Λ z and the corresponding polarization ρ µ of A z is principal. Conversely, if A z is a simple abelian surface, then all principal polarizations of A z arise in this way.
Note that the polarization ρ µ has the property that the restriction of the Rosati involution with respect to ρ µ to O coincides with the involution α → µ −1 αµ, where α denotes the quaternionic conjugate of α. Thus, if we let Q D,N denote the set of moduli points on A 2 whose corresponding principally polarized abelian surfaces have quaternionic multiplication by O such that the Rosati involution restricted to O coincides with α → ηαη −1 for some η ∈ O satisfying η 2 + DN = 0, then
where
(N )}, and µ are elements of O such that µ 2 + DN = 0 and the (2, 1)-entry of φ(µ) is positive. In [10] , in order to determine the exact number of Shimura curves in Q D,1 , Lin and Yang showed that there is a one-to-one correspondecne between Shimura curves in Q D,1 and GL(2, Z)-equivalence classes of positive definite binary quadratic forms of discriminant −16D such that all integers a represented by the quadratc form satisfy a ≡ 0, 1 mod 4 and
These quadratic forms arise from singular relations satisfied by Shimura curve X µ , which we now review in the next section.
2.2.
Quadratic forms associated to Shimura curves. In this section, we shall review the definition of quadratic forms associated to Shimura curves in Q D,N . These quadratic forms appeared in the works of Hashimoto [5] and Runge [15] and were studied in more details in [10] . Let (A, ρ) be a principally polarized abelian surface over C. The polarization ρ induces an involution f → f † , called the Rosati involution, on the endomorphism ring of A. In terms of the Riemann form E associated to ρ, this involution is characterized by the property that
for all periods ω 1 and ω 2 of A. An endomorphism f of A is called symmetric or Rosati invariant if f = f † . The symmetric endomorphisms can be described in terms of the period matrix of A as follows.
Let τ = ( τ1 τ2 τ2 τ3 ) ∈ H 2 be a normalized period matrix for (A, ρ). An endomorphism f of A can be represented by a matrix R f ∈ M(2, C) such that
i.e., if and only if M f is of the form
for some integers a j , b and c. Then (9) implies that
Note that since f ∈ Z if and only if a 2 = a 3 = b = c = 0 and a 1 = a 4 , the relation is nontrivial if and only if f / ∈ Z. Conversely, if τ ∈ H 2 satisfies (10)
then its associated abelian surface has an endomorphism f with
A relation of this type (10) for ℓ = (a, b, c, d, e) ∈ Z 5 is called a singular relation satisfied by τ (or by its associated abelian surface (A, ρ)). A singular relation is called primitive if gcd(a, b, c, d, e) = 1. Note that the matrix M f above satisfies x 2 − bx + ac + de = 0. Thus, the discriminant for a singular relation ℓ = (a, b, c, d, e) is defined naturally as the discriminant of the polynomial, i.e., as
Then the property that Im τ is positive definite implies that ∆(ℓ) > 0. We also remark that Humbert proved that under the natural projection H 2 → A 2 , all primitive singular relations with the same discriminant n of the form (10) defines the same zero locus in A 2 , which is called the Humbert surface H n of discriminant n.
Observe that for a given τ ∈ H 2 , if we let L be the set of singular relations satisfied by τ , then ∆ defines a positive definite quadratic form on L so that L becomes a positive definite lattice. Let ·, · ∆ denote the bilinear form associated to ∆, i.e., (12) 
By a direct computation, we find that
We now consider the case (A, ρ) = (A z , ρ µ ) ∈ X µ , where X µ is a Shimura curve in Q D,N . Since the Rosati involution restricted to the Eichler order O coincides with the involution α → µ −1ᾱ µ, an element α of O is Rosati invariant if and only if
Therefore, for all (A, ρ) in X µ , the lattice of singular relations satisfied by (A, ρ) contains a sublattice isomorphic to µ ⊥ /Z, and there is a natural quadratic form on µ ⊥ /Z defined by α + Z → disc(α) = tr(α) 2 − 4 nr(α). Consequently, we may associate to X µ a GL(2, Z)-equivalence class of quadratic forms Q µ (x, y) defined by
where {α, β} is a Z-basis for µ ⊥ /Z. (1) is one-to-one and onto. (3) and (4), respectively. Let X be the Shimura curve in Q D,N associated to Q as described in Theorem A. To facilitate our discussion on the intersection of X and Humbert surfaces, in this section, we shall make singular relations satisfied by points on X explicitly. We recall that Q is either primitive or is 4Q
SINGULAR RELATIONS SATISFIED BY POINTS ON SHIMURA CURVES
′ for some quadratic form Q ′ of discriminant −D 0 . Note again that Lemma 38 of [10] considered only the case N = 1, but it is easy to see that it can be generalized as above. Note also that the construction of Eichler orders of the form given in the lemma first appeared in [8] and was used in [5] .
Let B = −DN,p Q be the quaternion algebra of discriminant D over Q and O be the Eichler order of level N given in the lemma. Choose the embedding φ : B ֒→ M(2, R) to be
Let α 1 , . . . , α 4 be a symplectic basis with respect to the element µ = I in the lemma, i.e.,
where τ j ∈ M(2, C). Then the normalized period matrix for the principally polarized abelian surface (A z , ρ µ ) is τ z := τ From this, we obtain the following description of singular relations satisfied by the Shimura curve associated to Q.
Lemma 5. We retain the notations above and those in Lemma 4.
(1) Assume that Q is primitive. A symplectic basis for O with respect to µ = I is
The normalized period matrix of (A z , ρ µ ) with respect to this symplectic basis is
where ǫ = (1 + √ p)/2 and ǫ = (1 − √ p)/2. Moreover, the singular relations corresponding to e 2 and e 4 are (17)
respectively. (2) Assume that Q = 4Q
′ for some quadratic form Q ′ of discriminant −DN . A symplectic basis for O with respect to µ = I is α 1 = e 2 , α 2 = −e 4 , α 3 = e 1 , α 4 = e 3 .
Moreover, the singular relations corresponding to e 3 and e 4 are
respectively.
Essentially, everything (in the case N = 1) in the lemma is contained in the proof of Theorem 5.1 of [5] and Lemma 40 of [10] , although in the proofs therein the singular relations in (17) and (19) were obtained by direct computation using the description of τ z above. Here we point out that these singular relations correspond to the basis for µ ⊥ /Z given in Lemma 4. Note that the explicit description of ℓ 1 and ℓ 2 in (17) and (19) shows that for m 1 , m 2 ∈ Z, the singular relation m 1 ℓ 1 + m 2 ℓ 2 is primitive if and only if (m 1 , m 2 ) = 1. Consequently, we have the following result.
Corollary 6. A Shimura curve X in Q D,N is contained in the Humbert surface of discriminant n if and only if its associated quadratic form primitively represents n.
Note that if z is not a CM point, then the lattice of singular relation satisfied by τ z has rank 2 and is spanned by ℓ 1 and ℓ 2 in the lemma. In the next section, we will consider the case of CM-points.
Singular relations satisfied by CM-points.
We retain all the notations in the previous section. In this section, we shall describe singular relations satisfied by CM-points on a Shimura curve X associated to a quadratic form Q of discriminant −16DN .
Recall that a CM-point z on X D 0 (N ) is defined to be the common fixed point of φ(ψ(K)) in the upper half-plane for some embedding ψ from an imaginary quadratic field K into B. Its discriminant is defined to be the discriminant of the quadratic order R in K such that ψ(K) ∩ O = ψ(R). To describe singular relations satisfied by the corresponding point τ z on X, we let 
(1) Assume that Q is primitive. Let ℓ 1 and ℓ 2 be the singular relations satisfied by X given in (17) . Then in addition to ℓ 1 and ℓ 2 , τ z also satisfies
These three singular relations form a Z-basis for L z . Moreover, the Gram matrix of L z with respect to this basis is
(Note that b 2 and b 3 are necessarily even, while b 1 is even or odd depending on whether d is even or odd.) (2) Assume that Q = 4Q
′ for some quadratic form Q ′ of discriminant −DN . Let ℓ 1 and ℓ 2 be the singular relations satisfied by X given in (19). Then in addition to ℓ 1 and ℓ 2 , τ z also satisfies
(Note that b 1 and b 3 are necessarily even, while b 2 is even or odd depending on whether d is even or odd.)
In both cases, the discriminant of L z is 4|d|.
Proof. The case where Q is primitive was proved (in the case N = 1) in Lemma 40 of [10] . Here we sketch a proof for the case Q = 4Q ′ . Recall from Lemma 5 that τ z is given by
where γ and δ are Galois conjugates of γ and δ, respectively. Hence, (a 1 , . . . , a 5 ) is a singular relation for τ z if and only if (a 1 , . . . , a 5 ) is in the nullspace of 
Using the relations
we check directly that ℓ 3 = (0, −b 2 , b 3 /2, 0, −b 1 /2) is a singular relation satisfied by τ z . Finally, we observe that the assumption that ψ is an optimal embedding of discriminant d implies that
which implies that if ℓ is a singular relation satisfied by τ z and r 1 , r 2 , r 3 are the coefficients in ℓ = r 1 ℓ 1 + r 2 ℓ 2 + r 3 ℓ 3 , then r 1 , r 2 , r 3 are all integers. We conclude that ℓ 1 , ℓ 2 , ℓ 3 form a Z-basis for L z .
Galois orbits of CM-points.
Observe that if ψ : K ֒→ B is an embedding from an imaginary quadratic field K into B, then so is ψ : a → ψ(a), where ψ(a) denotes the quaternionic conjugate of ψ(a), and φ(ψ(K)) and φ(ψ(K)) have a common fixed point z ψ in the upper half-plane. To remove the ambiguity when we talk about the embedding corresponding to z ψ , we say an embedding ψ is normalized (with respect to φ) if
for all a ∈ K (as opposed to φ(ψ(a)) (
, where a is the complex conjugate of a). It is clear that ψ is normalized with respect to φ if and only if the (2, 1)-entry of φ(ψ(a)) has the same sign as the imaginary part of a for any a ∈ K. From now on, whenever we mention the embedding corresponding to a CM-point, we refer to the one that is normalized.
Denote by CM(d) the set of CM-points of discriminant d on X 
if q|D and q|f,
if q|N and p|f, assuming N is squarefree, where f is the positive integer such
Let L be the ring class field of R. Then the class group of R acts on CM(d) and two CM-points of discriminant d are in the same orbit under this action if and only if their corresponding (normalized) optimal embeddings are locally equivalent at every place. In view of the Shimura reciprocity law, this amounts to the property that two CM-points of discriminant d are in the same Gal(L/K)-orbit if and only if their corresponding optimal embeddings are locally equivalent at every place. This leads to the following explicit criterion when two CM-points are Gal(L/K)-conjugates. 
We have the following properties.
(1) We have
(2) Let q be a prime divisor of DN . If ψ and ψ ′ are equivalent locally at q, then
Moreover, if q does not divide (f, N ), then this is necessary and sufficient condition for ψ and ψ ′ to be equivalent at q.
Moreover, if (N, f ) = 1, then this is a necessary and sufficient condition for z and z ′ to be in the same Gal(L/K)-orbit. In such a case, the set of Gal(L/K)-orbits of CM-points of discriminant d on X Proof. The case of primitive Q was proved in details in Lemma 46 of [10] . Here we sketch the proof of the case Q = 4Q ′ . We have
Therefore, we have b 2 1 p ≡ d mod DN . Now let q be a prime divisor of DN . Since q is odd and different from p, 1, I, J, and IJ form a Z q -basis for
.
≡ c 2 mod q, which implies that if ψ and ψ ′ are locally equivalent at q, then b ′ 1 ≡ b 1 mod q. In the case q ∤ (N, f ), the number of solutions of the congruence equation pr 2 ≡ d mod q coincides with the number of local optimal embeddings discriminant d at q. Thus, in the case q ∤ (N, f ), local optimal embeddings of discriminant d at the place q are in one-to-one correspondence with the solutions of pr 2 ≡ d mod q. Then the lemma follows.
Remark 9.
Note that when q|(N, f ), the number of local optimal embeddings of discriminant d is 2 by (25), but the congrunce equation b 2 1 p ≡ d mod q has only one solution, so the condition for local equivalence of ψ and ψ ′ at q given in the lemma does not work. It is possible to work out a condition in such a case, but it is not needed for the purpose of this paper. Proof. Let Q be the quadratic form associated to X. The case Q is primitive was proved in [10, Proposition 41] (for the case N = 1). Here we provide a proof for the case Q = 4Q ′ (so that DN is assumed to be congruent to 3 modulo 4).
Let B, O, and µ be given as in Part (2) of Lemma 4, and β 1 , β 2 , β 3 be given by (21). Assume that z and z ′ are CM-points of discriminant d and ψ and ψ ′ are their respective normalized optimal embeddings. Write ψ(
Recall from (23) that the Gram matrices for z and z ′ are
It is clear that A ′ = U AU t , where 
INTERSECTION OF SHUMURA CURVES WITH HUMBERT SURFACES
As in the previous sections, we assume that D 0 is a positive squarefree integer. Let Q be a quadratic form of discriminant −16D 0 appearing in the statement of Theorem 1, D and N be defined by (3) and (4), respectively, and X be the Shimura curve corresponding to Q in Q D,N as described in Theorem A.
In this section, we study the intersection of the Shimura curve X with Humbert divisors G n defined by (8) . We let I(X, G n ) be the intersection number of X with G n , and let I 0 (X, G n ) and I 1 (X, G n ) be the contributions to I(X, G n ) from the 0-dimensional components and the 1-dimensional components of the intersection, respectively. We also recall from Theorem A that X ≃ X 
4.1.
Intersection numbers I(X, G n ) and Cohen's Eisenstein series of weight 5/2. We first determine I(X, G n ). Let a n be defined by
Note that H(z)/120 is Cohen's Eisenstein series of weight 5/2. We recall the following important result of van der Geer.
Theorem B ( [16, Corollary 8.2] ). The Humbert divisor G n is the zero divisor of a Siegel modular form of weight −a n /2 .
From van der Geer's theorem, we easily obtain a formula for I(X, G n ).
Proposition 11. For all positive integer n congruent to 0 or 1 modulo 4, we have
where H D,N (0) is defined by (6) . Consequently, one has
Proof. By Theorem 8.1 of [16] , there is a constant c (depending on X) such that I(X, G n ) = ca n for all n. Thus, one only needs to know the value of one particular I(X, G n ). Here we let n be a fundamental discriminant not represented by Q so that X does not lie on G n . By Theorem B, G n is the divisor of a Siegel modular form F of weight −a n /2 on Sp(4, Z). Since, in general, the restriction of a Siegel modular form f of weight k along X (that is, for z ∈ H, define f (z) by f (z) = f (τ z ), where τ z is given by (16) or (18)) is a modular form of weight 2k on X
zeros. Hence c = H D,N (0)/ |W | and I(X, G n ) = a n H D,N (0)/|W |. Then the proposition follows.
We next determine I 0 (X, G n ) in terms of class numbers. This is the most complicated part of the proof. spanned by (14) or (15) . Let ι = ι Q : z → τ z be the corresponding quaternion modular embedding from H to H 2 given by (16) or (18). Let F be the image of a fixed fundamental domain of X D 0 (N ) under ι. To avoid the cumbersome factor 1/|W | and the complexity relating to fixed points of Atkin-Lehner involutions, here we will work on F instead of X.
For a singular relation ℓ = (c 1 , . . . , c 5 ) ∈ Z 5 , we let
be the locus of points in H 2 satisfying ℓ. We first recall that if F ⊂ H ℓ , then each point τ z in H ℓ ∩ F corresponds to an abelian surface with endomorphism algebra strictly larger than quaternion algebra over Q, and hence z is a CM-point on the Shimura curve and τ z ∈ M(2, K) for some imaginary quadratic field K.
Lemma 12. Let ℓ be a singular relation such that F ⊂ H ℓ . Then H ℓ intersects F transversally at each point of intersection.
Proof. Here we only prove the case Q is of the form 4Q ′ . Let ℓ = (c 1 , . . . , c 5 ) be a singular relation such that F ⊂ H ℓ and assume that H ℓ intersects F at τ z , z ∈ H. For convenience, we express ( τ1 τ2 τ2 τ3 ) as a row vector (τ 1 , τ 2 , τ 3 ).
Using the explicit expression in (18), we find that the tangent space of F at τ z is spanned by
We next compute the tangent space of H ℓ . If c 3 = 0 or c 4 = 0, we may express τ 3 as a function of τ 1 and τ 2 . Then the tangent space of H ℓ at (τ 1 , τ 2 , τ 3 ) is spanned by
The three vectors in (26) and (27) are coplanar if and only if
Since for τ z , we have τ 1 − pτ 3 = (1 + sDN )/2, the condition reduces to
Now since τ z ∈ M(2, K) for some imaginary quadratic field K, considering the real part and the imaginary part separately, we see that the Z-module of quintuple of integers (c 1 , . . . , c 5 ) satisfying both (28) and c 1 τ 1 + c 2 τ 2 + c 3 τ 3 + c 4 (τ 2 2 − τ 1 τ 3 ) + c 5 = 0 has rank 2. However, as F ⊂ H ℓ1 , H ℓ2 , this Z-module has to be spanned precisely by ℓ 1 and ℓ 2 , where ℓ 1 and ℓ 2 are the singular relations in (19). Therefore, (28) can never hold for any singular relation with c 3 , c 4 = 0 not in the span of ℓ 1 and ℓ 2 , i.e., H ℓ intersects F transversally at τ z .
If c 1 , c 4 = 0, we may express τ 1 as a function of τ 2 and τ 3 . Then by a similar computation, we find that H ℓ intersects F transversally at τ z .
Finally, if c 1 = c 3 = c 4 = 0, then the singular relation is c 2 τ 2 + c 5 = 0 and the tangent space of H ℓ at τ z is spanned by (1, 0, 0) and (0, 0, 1). These two vectors cannot be coplanar with the vector in (26) since −τ 1 + 1/2 is never 0 in H 2 . This completes the proof of the lemma.
Corollary 13. We have
where |H ℓ ∩ F | ′ denotes the weighted cardinality of the set H ℓ ∩ F with the weight of CM-points of discriminant −4 given by 1/2, the weight of CM-points of discriminant −3 given by 1/3, and the weight of CM-points of other discriminant given by 1.
Note that the appearance of the factor 1/2 in (29) is due to the fact that ℓ and −ℓ define the same surface H ℓ .
Let ℓ 1 , ℓ 2 be the singular relations given by (17) or (19) satisfied by all points τ z in F . Observe that if ℓ is a singular relation of discriminant n such that F ⊂ H ℓ , then the Gram matrix for the lattice spanned by ℓ 1 , ℓ 2 , and ℓ is of the form In order for H ℓ ∩ F to be nonempty, the integer u and v need to satisfy (1) u ≡ an mod 2 and v ≡ cn mod 2, due to (13), (2) det M u,v = 4 |d| for some negative discriminant d such that Q( √ d) can be embedded in the quaternion algebra B, due to Lemma 7. Now assume that u and v are integers satisfying these conditions. Write d = f 2 d 0 , where d 0 is a negative fundamental discriminant. We need to study for each divisor r of f , how many CM-points τ z of discriminant r 2 d 0 in F satisfy some singular relations ℓ with M ℓ = M u,v and how many such ℓ they satisfy. We first mention a rather trivial but yet important observation. Moreover, in the case the equation is solvable in integers, there is precisely one singular relation ℓ with τ z ∈ H ℓ and M ℓ = M u,v .
Proof. The first statement is obvious. Here the correspondence between a solution (x, y, w) and a singular relation is (x, y, w) ↔ xℓ 1 + yℓ 2 + wℓ 3 , where ℓ 3 is the singular relation for τ z described in Lemma 7. The uniqueness of ℓ is due to the fact that the quadratic form on the lattice of singular relations satisfied by τ z is nondegenerate. 
4.4.
Proof of Theorem 1. Combining Propositions 11, 16, and 17, we obtain the class number relations (7).
